ABSTRACT. In this paper we present a method of circular arc approximation by quartic Bézier curve. Our quartic approximation method has a smaller error than previous quartic approximation methods due to the alternation of the error function of our quartic approximation. Our method yields a closed form of error so that subdivision algorithm is available, and curvaturecontinuous quartic spline under the subdivision of circular arc with equal-length until error is less than tolerance. We illustrate our method by some numerical examples.
INTRODUCTION
Circular arc and conic section have been widely used in CAD/CAM or Computer Vision. But these curves cannot be expressed by polynomial curve. Thus circle approximation and conic approximation by spline curve are important tasks in CAGD(Computer Aided Geometric Design) or Geometric Modeling. In recent twenty years a lot of methods of circle approximation and conic approximation by Bézier curve or spline have been presented.
The methods of Circle and Conic approximation by quadratic Bézier curve are simple and easy to calculate error. Mørken [13] presented the best approximation method of the circular arc by quadratic Bézier curve. Lee et al. [11] introduced some approximation methods of the circular arc by quadratic Bézier curves to obtain the offset approximation of planar spline curve using convolution of the quadratic approximant and the planar spline curve. Floater [6] showed that the quadratic approximant of conic section is curvature continuous under the subdivision of shoulder point of conic, and presented the upper bound of the Hausdorff distance between the conic section and the quadratic approximant.
The methods of circle and conic approximation by spline of odd degree are as follows. Dokken et al. [3] and Goldapp [8] proposed the best G k cubic approximations of circular arc for k = 0, 1, 2. Floater [7] presented a great approximation method of conic section by spline of odd degree n having approximation order 2n, which is the optimal approximation order. Fang [4, 5] gave G k quintic approximation of circular arc and conic section for k ≥ 2. Some methods of circle and conic approximation by quartic spline have been presented. Ahn and Kim [2] obtained G k quartic and quintic Bézier approximations of circular arcs using error functions, k ≥ 2. Kim and Ahn [10] presented another quartic approximation methods of circular arc, and Ahn [1] extended the circle approximation methods by quartic spline to conic approximation. Hur and Kim [9] proposed the best G 2 quartic and G 1 cubic approximation of circular arc. Liu et al. [12] gave circular arc approximation by quartic G 2 spline having smaller error than previous quartic approximation. In this paper we present a quartic G 2 spline approximation of circular arc having smaller error than previous quartic approximation using alternation of error function.
In §2, previous methods for circle approximation by quartic spline are introduced. In §3, our quartic approximation of the circular arc is presented and the closed form of the Hausdorff distance between the circular arc and the quartic approximation curve is obtained. We have the subdivision algorithm and some numerical examples in §4, and summary our results in §5.
PRELIMINARIES FOR QUARTIC APPROXIMATION OF THE CIRCULAR ARC
In this section we propose the quartic Bézier approximation of the circular arc with angle 0 < α ≤ 2π and radius 1. The unit circular arc c : [0, α] → R 2 can be parametrized by
as shown in Figure 1 . Let B 4 i (t) be the quartic Bernstein polynomial
The quartic Bézier approximation curve b : [0, 1] → R 2 of the circular arc c(θ) is given by
with its control points
so that the quartic approximation b(t) is a G 1 endpoint interpolation of the circular arc c(θ) for u > 0.
For the circular arc c, the Hausdorff distance d H (b, c) between two curves c and b is
Ahn and Kim [2] used the error function ψ(t) by
As shown in Table 1 , Ahn and Kim [2] proposed the approximations b u 3 whose error function ψ has quadruple-zero at both end points, t = 0, 1, and b µ 2 triple-zero at both end points and double-zero at midpoint, t = 1 2 . Our approximation curve b(t) has contact with the circular arc c at the midpoint. Solving ζ(1/2) = 0, we have two solutions [2] 0, 0, 0, 0, 1, 1, 1, 1 [2] 0, 0, 0, [10] , and Liu [12] . They have different zeros of error function ψ(t). At the last line, b u 2,2 is presented by our method.
where
After choosing v = v i the quartic approximation b(t) is depend only on one parameter u. Kim and Ahn [10] proposed the G 2 quartic approximation b with η 2 (t) having double-zero at the midpoint, and Liu et al. [12] b with η 2 (t) having zero at t = 
FIGURE 2. The eighth-degree monic polynomial f (t) = t 2 (t − 1)
Proof. Solving the equation f ′ (t) = 0, the solutions are t = (4 ± √ Since for u = u 1,j , j = 1, 2, the quadratic polynomial η 1 (t) is
and ∥ψ∥ ∞ = 2 10 f (b 1 ) + O(α 2 ), the approximation b u 1,j , j = 1, 2 has approximation order zero, and so b u 1,j could not be a good approximation. Now, we consider two approximations b u 2,j , j = 1 and 2 and compare their errors. The two parameters are u 2,j = (
Proof. If u = u 2,j , then η 2 (t) = η 2,j (t) is a quadratic polynomial with zero at t = a, 1 − a.
and we have
Hence b u 2,2 is better approximation than b u 2,1 .
, the error function is given by
and
Proof. Equation (3.3) follows from the equations ψ(t) = 4t
, we obtain Equation (3.4). We present a closed form of d H (q, b) and show that the approximation order of b u 2,2 is eight, as follows. 
and its asymptotic behavior is
. Thus the Hausdorff distance d H (b, c) between the circular arc c and the approximation b is
Equation ( 
ALGORITHM AND NUMERICAL EXAMPLES
Using our circle approximation method by quartic Bézier curve, we present a subdivision algorithm for the quartic G 2 spline approximation of the circular arc within the given tolerance as follows. If the radius of circle is given by r = 10 and the error tolerance T OL is 10 −5 , the algorithm yields k = 4 and the quartic G 2 spline as shown in Figure 3(b) . The Hausdorff distance between the unit circle and quartic spline is 7.60 × 10 −6 < T OL. The control points b i of quartic Bézier approximation of unit circle is obtained from Equations (2.1)-(3.2) and α = π 2 . All control points of the quartic spline approximation are also obtained from T j rb i , j = 0, · · · , 3 using the rotation transformation T of angle π 2 .
COMMENTS AND FUTURE WORK
In this paper we presented a method of circle approximation by quartic spline curve. Our circle approximation by quartic G 2 spline has some merits. Our method has smaller error than other previous methods of circle approximation by quartic Bézier curve. Also our method yields a closed form of error and the curvature-continuous quartic spline as previous methods. As a future work, we will extend the circle approximation by quartic spline to the conic approximation and surface approximation such as ellipsoid and torus.
